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ABSTRACT
Near-field acoustic holography (NAH) enables the reconstruction of an entire three-dimensional wave field
using data acquired near the sources of sound. An array of sensors can be used in combination with NAH
techniques for tackling both time-stationary and transient noise problems. However, such approaches usually
require that a large number of transducers is spatially distributed over the area of interest. This paper describes
some practical considerations for the design and optimization of a compact sensor array for performing NAH
with a small number of sound intensity p-u probes. Two sensor geometries based on hexagonal lattice and
polar sampling are assessed and compared to a regular square grid via Monte Carlo simulations accounting
for multiple source configurations. Results show that transducer placement plays an important role in the
robustness and accuracy of the results, specially in terms of particle velocity reconstructions.

Keywords: Array Design, NAH, p-u probe. I-INCE Classification of Subjects Number(s): 72, 75.7.

1. INTRODUCTION
Over the last decades there has been dramatic progress in the development of acoustic imaging tech-

niques (1, 2, 3). The transformation of sound into a visual representation is considered key to understanding a
wide variety of problems. Many techniques and apparatus have been proposed over the years, mostly focused
on revealing where and how sound is radiated.

In the specific case of near-field acoustic holography (NAH), measurements undertaken in the vicinity of
a source area are used to reconstruct the entire sound field. The proximity allows for the capture of the source
“complete” radiation into the medium, avoiding the otherwise inherent error of far-field methods. In addition,
near-field measurements enable the capture of waves that propagate ineffectively and exponentially decay
when the distance from the source is increased, i.e. the evanescent waves. By acquiring this high spatial-
frequency information, NAH reduces the wavelength resolution problem that indirect sound visualisation
techniques, such as beamforming methods have.

Statistically optimized near-field acoustic holography (SONAH) is a NAH technique introduced by Steiner
and Hald (4) that has been proven very powerful for multiple applications (5, 6). The main advantage
over conventional Fourier-based holography is that explicit spatial transforms are avoided, thus preventing
wrap-around errors and truncation effects. As a result, the measurement array can be even smaller than the
source under investigation. In addition, SONAH can be used in combination with single or multi layer array
geometries (7, 8).

Holographic methods are typically used in combination with a large number of sound pressure micro-
phones. However, they are compatible with both sound pressure and particle velocity measurements (9).
This paper studies the implications of using only 12 sound intensity p-u probes for performing SONAH,
focusing on modifying sensor positioning for minimizing direct reconstruction errors (pressure-to-pressure
and velocity-to-velocity). In addition, general guidelines for designing sensor arrays for NAH with a small
number of transducers are given.
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2. STATISTICALLY OPTIMIZED NEAR-FIELD ACOUSTIC HOLOGRAPHY
Statistically optimized near-fied acoustic holography (SONAH) relies upon the direct combination of

multiple measurements with a transfer matrix which “propagates” the data from one plane to another or even
transforms it into another acoustic quantity. The transfer matrix is computed based on the fact that the sound
field can be represented as a (infinite) weighted sum of plane and evanescent waves with complex amplitudes.
As a result, sound pressure and/or particle velocity measurements can be used to characterize the entire wave
field.

The following derivation is based on (4, 5, 10). The sound pressure at an arbitrary reconstruction plane
can be related to sound pressure measurements acquired at a hologram plane via a transfer matrix, such as

pT (r)' pT (rh)Cp|p(r), (1)

where p(r) and p(rh) are column vectors containing N sound pressures of the reconstruction and measured
planes and Cp|p(r) is the transfer matrix from the measured pressures to the predicted pressures. It should be
noted that the transfer matrix does not depend on the characteristic of the sound field but only on the positions
of both planes. As shown in (5), the transfer matrix can be defined as

Cp|p(r) = (AHA+θ
2I)−1AH

ααα(r), (2)

where A is an M×N matrix which contains a set of elementary wave functions describing each measurement
position, while ααα(r) is an M×N matrix that represents the elementary wave functions at the reconstruction
plane. The superscript H denotes the Hermitian transpose, θ is a regularization parameter and I is the identity
matrix. There are multiple methods to compute the optimal regularization parameter θ , a detailed overview
can be found in (11, 12). In the following sections an approach based on the specified dynamic range D will
be used such as (4)

θ = diag[AHA]10−D/10 , (3)

where diag[·] is the mean of the diagonal elements of the matrix AHA.
Conventional SONAH was extended by Jacobsen and Jaud (10) to be utilized with measurements of

the normal component of the particle velocity. It was demonstrated that the transfer matrix used for the
direct reconstruction of particle velocity Cu|u(r) is identical to transfer matrix shown in Eq. 2. Consequently,
the normal component of particle velocity on the reconstruction plane uz(r) can be estimated with acoustic
particle velocity measurements uz(rh) as

uT
z (r)' uT

z (rh)Cu|u(r) = uT
z (rh)(AHA+θ

2I)−1AH
ααα(r). (4)

The normal component of particle velocity on the reconstruction plane could also be estimated in an in-
direct manner from sound pressure measurements, or vice versa, by modifying the matrix ααα(r). In this paper
the analysis is focused upon the optimization of the direct reconstructions (pressure-to-pressure and velocity-
to-velocity) since both quantities are simultaneously measured using a p-u probe array.

3. DESIGN OF AN ARRAY FOR NAH
There is an extensive amount of literature on array design using multiple beamforming techniques (13, 14,

15). It is typically suggested to minimize the redundancy of the array by ensuring that all sensor spacings are
different. However, an array designed for beamforming applications may not perform well in combination
with NAH. Hald studied this topic proposing a compromise solution that fit both purposes (16, 17). However,
the number of sensors used in those publications ranges from 60 to 84, which is far greater than the number of
transducers considered in this study (12 p-u probes). The present work is therefore focused on finding sensor
positions that maximize the performance solely for NAH.

3.1 Practical considerations
There are multiple factors that should be taken into account during the design process of an array for NAH

with a small number of sensors. This section aims to summary the main practical considerations.
One of the first constrains arises from the practical purpose of the system. Detailed information about the

source distribution will not be available if the array is intended for multiple applications. Therefore, the sound
field studied should be generated using a statistical model of the position and number of sound sources. The
use of repeated random testing through computational algorithms such as the Monte Carlo method (18), is
therefore recommended to obtain representative results.
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Defining a Region Of Interest (ROI) can be very useful to focus the investigation on maximizing the
accuracy of a particular area of the space. Since estimation errors are minimized at the measurement plane (5),
it is hereby suggested to perform the optimization process assessing errors across a target ROI located at the
hologram plane.

Ideally, the reconstruction error should be homogeneously distributed across the entire aperture in order to
minimize any distortion effects introduced by the array. Furthermore, resolution should also remain constant
for both horizontal and vertical axes. Array structures that have a rotational symmetry can be used to partially
satisfy these conditions, although good results can also be achieved when small asymmetries are introduced,
as it is shown in the following section.

3.2 Optimum spatial sampling
Holographic methods require acquiring information across the sound field at a discrete set of points.

However, the use of a finite set of measurement points may induce significant errors when the data is projected
into the wave number domain. Optimizing an array for performing NAH therefore requires finding a good
sampling strategy. The foundations of signal reconstruction based on wave-number limited functions were
established in (19). It is often suggested that the primary target to avoid artifacts is to identify the configuration
of points that leads to the minimum sampling density. Although, a typical approach is to use a regular grid
of points, this is not always the ideal choice. Petersen and Middleton demonstrated in (19) that the optimum
strategy for sampling a two dimensional plane is using a hexagonal (or rhombic) lattice. When such sampling
strategy cannot be performed, other authors had suggested that the best results are achieved when the sampling
points are uniformly distributed across the assessed area (20, 21).

3.3 Proposed designs
Following the recommendations stated above, several configurations have been composed using combi-

nations of classical geometric shapes, uniform lattices as well as centroidal Voronoi tessellation (CVT) (22).
After undertaken a multiple hypothesis testing investigation, the presented results are focused on comparing
the performance improvements that can be achieved by modifying two different positioning strategies.

First of all, amongst the studied geometries, polar sampling has been found to be one of the best ap-
proaches. The sensors were initially distributed across two separate rings with a maximum diameter of 0.25
m. The number of sensors in the outer ring was doubled to achieve uniform spatial sampling.

Secondly, following the recommendations of (19), a hexagonal lattice was combined with two extra sen-
sors in an outer ring, covering the same area as with the polar grid array. A sketch of the two array studied
geometries is shown in Figure 4, highlighting the parameters that are later evaluated in the numerical investi-
gation.
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Figure 1 – Proposed compact array geometries for performing NAH with 12 p-u probes.
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4. NUMERICAL INVESTIGATION
A numerical investigation has been conducted to study the proposed array configurations. A series Monte

Carlo tests have been carried out in order to optimize sensor positioning and to characterize the inherent
limitations imposed by the selected sampling geometries. The relative error defined in Eqs. 5-6 is hereby
used as the main criterion to quantify the accuracy of the estimations computed over the reconstruction points
that are within a region of interest (ROI) of 0.125 m radius.

The sound field was excited by sets of in-phase point sources sources randomly distributed over a plane
located at z = 0. The source region has a continuous uniform distribution radially bounded by (x2

i + y2
i )

0.5 <
0.125, being xi and yi the coordinates of the i source in the x and y axes, respectively. The hologram plane was
located at z = 0.1, which served also as the reconstruction plane. The measurement grid covered a circular
area of 0.125 m radius. No retraction distance was used in the holography calculations. Isotropic Gaussian
noise was added to the simulated data with a SNR of 30 dB. The transfer matrix was computed applying
regularization using Eq. 3 with D = 30. Unless stated the opposite, most results presented in this section were
obtained using a Monte Carlo simulation with a number of sources that varied from 1 to 5 over 1000 runs.
An sketch of the simulated environment is shown in Fig. 2.
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Figure 2 – Sketch of the elements involved in the numerical simulations.

The accuracy of the estimations (p̂ and ûz) is assessed by evaluating the reconstruction error with respect
to the reference “true” values. The relative error of sound pressure Ep and acoustic particle velocity Eu
estimations is calculated as

Ep = 20log10

(
||p− p̂||2
||p||2

)
, (5)

Eu = 20log10

(
||uz− ûz||2
||uz||2

)
. (6)

4.1 Variations of the initial array designs
Finding the best sensor configuration for a given number of sensors is a high order problem with many

degrees of freedom. Variations in parameters such as frequency of interest, distance to the source plane or
number of sources may lead to different “optimal” solutions. A Monte Carlo method is used in this section to
obtain a representative understanding about how controlled changes affect the general system performance. It
is assumed that these small modifications will yield locally optimal solutions that may approximate a global
optimal solution in a reasonable time with a low computational effort.

Firstly, variations on R1 were studied using multiple excitation frequencies. For the polar grid array, this
represents the radius of the inner sensor ring, affecting the positions of four sensors. Regarding the polygon-
based array, R1 corresponds to half of the rhomboid largest diagonal located at the center, influencing only the
height of the two central sensors. Since at x = 0 sensors do not follow the hexagonal lattice, variations of R1
aim to find small adjustments that could compensate the asymmetry introduced. The relative error obtained
after the Monte Carlo simulations is presented Fig. 3.

Results show that the parameter R1 has a bigger influence on the performance of the polar grid than
the polygon-based array, specially in terms of the particle velocity reconstruction. Furthermore, the polar grid
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Figure 3 – Relative pressure error (left), particle velocity error (middle and right) obtained with the polar grid
array (top) and the polygon-based array (bottom) while varying R1, excitation frequency and rotational angle.

array yields the best performance across the spectrum when the ratio between the two rings is 0.4< (R1/R2)<
0.5. In the case of the polygon-based array, the smallest errors are achieved when 0.4 < (R1/R2)< 0.6.

Secondly, the angle of the outer eight sensors φ has been varied while keeping constant the inner four
sensors of the two array configurations. Variations of this parameter were assessed for different R1/R2 ratios
while the excitation frequency was fixed at 500 Hz. Since particle velocity reconstructions seems to be more
affected by the array structure, results presented on the right hand side of Fig. 3 show only the relative
reconstruction error obtained with this quantity.

Varying the outer sensors seems to have a small effect on the polar configuration, obtaining similar re-
sults independently of the rotation angle φ . In contrast, the polygon-based array has a significantly better
performance when the hexagonal lattice is preserved, i.e. for φ = nπ/2 being n any integer.

In summary, the proposed array geometries can be improved if the inner radius of the polar grid is set to
0.45R2 and the parameter R1 in the polygon based array is adjusted to 0.5R2.

4.2 Evaluating the performance of the optimized geometries
The optimized array geometries are now compared to a regular square grid taking into account the mod-

ifications suggested in the previous section. Fig. 4 presents the relative reconstruction error obtained when
the sound field is excited at 500 Hz by multiple combinations of points sources following the Monte Carlo
method.
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Figure 4 – Relative error obtained in the presence of sources excited at 500 Hz in terms of sound pressure
(left) and particle velocity (right).
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As shown in Fig. 4, the reconstruction error changes depending on the number of point sources present
in the sound field, specially when reconstructing the particle velocity field. All array geometries are able to
reconstruct the sound field accurately while the number of sources is high, i.e. with a relative error level below
-20 dB (i.e. < 10% error). However, their performance differs when there are few sound sources present. The
optimized polygon based array seems to be the best geometry, providing a significant benefit when the number
of sources is small.

Since the largest error induced by the array geometry appears when only one sound source is present, the
investigation is now focused on characterizing this aspect. Additional tests have been conducted positioning
a source at every point of a regular grid of 30× 30 points located at z = 0. The relative reconstruction error
of each test has been plotted at the position where the excitation source was, resulting in a colormap that
describes how accurate is the reconstruction if a single source is positioned at a specific location. Fig. 5 shows
the results obtained both in terms of sound pressure, and particle velocity for the assessed array geometries.

Figure 5 – Spatial distribution of the single-source relative reconstruction error obtained for a regular grid
array (left), optimized polar grid array (middle) and optimized polygon-based array (right) in terms of direct
sound pressure (top) and particle velocity (bottom).

The single-source relative error maps presented above show large differences between the three array
configurations. The regular grid has a high variability depending on the source position, presenting significant
errors when a single source is located between the measuring locations. The polar grid array provides accurate
reconstructions in the middle sector of the array, whereas the error is amplified if the source is located between
the inner and outer rings. Furthermore, the polygon based grid presents both the smallest error and smallest
spatial variability, achieving good results in the entire region of interest.

5. DISCUSSION
The numerical investigation conducted utilizes sets of coherent point sources to render the studied sound

field. Other types of sound sources may as well be used for the design and optimization of a sensor array.
Selecting an appropriate sensor configuration can significantly improve the accuracy of NAH results when

the number of transducer used is small, specially in terms of direct particle velocity reconstructions. Designs
with a compact and homogeneous structure, fulfilling the conditions given in (19, 20, 21), seem to reduce
the errors induced by spatial sampling. Comparing the results of a regular grid array with the proposed array
designs, a relative error improvement of up to 5 dB is achieved with the polygon-based array.
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Results presented in Sec. 4 show that the array geometry yields larger errors for the reconstruction of
a low number of sound sources, mainly for acoustic particle velocity. The reason of obtaining larger errors
under these conditions could be explained based on the fact that the number of plane waves required to de-
scribe a sound field increases proportionally to the spatial variability captured within the hologram. As the
number of sources increases, the resulting sound field has a rather homogeneous spatial distribution, therefore
being accurately approximated with few plane waves. The level perceived in terms of particle velocity has
also significantly higher variability than sound pressure, which provides better resolution to resolve sound
sources (23) but it is less accurately approximated by a set of plane waves. Further research could be un-
dertaken to reduce this errors by incorporating different elementary wave functions in the calculation of the
transfer matrix, which could lead to a similar approach as the recently proposed multi-source statistically
optimized near-field acoustic holography (M-SONAH) (24).

6. CONCLUSIONS
General considerations for the design and optimization of a compact p-u probe array for near-field acoustic

holography have been provided. Sampling the hologram plane using a hexagonal (or rhombic) lattice in com-
bination with sensors that ensure a uniform distribution across the assessed area yields the best reconstruc-
tion results. Monte Carlo simulations have proven useful to characterize the behavior of sensor geometries
accounting for multiple source conditions. In addition, single-source relative error maps have been presented
to describe the variability of the array performance depending on the source position.

All arrays evaluated are able to reconstruct the sound field accurately while the number of sources is high
from 50 Hz to 2000 Hz at 0.1 m distance. However, when there are only few sound sources present, a small
error is induced by the array geometry, which is more apparent in particle velocity reconstructions. The use
of an appropriate array geometry can effectively reduce this effect. As shown, a small array of 12 p-u probes
with a polygon-based configuration yields accurate reconstruction results of both sound pressure and particle
velocity.
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